Abstract. The following well known open problem is answered in the negative: Given two compact spaces X and Y that admit minimal homeomorphisms, must the Cartesian product X × Y admit a minimal homeomorphism as well? Moreover, it is shown that such spaces can be realized as minimal sets of torus homeomorphisms homotopic to the identity. A key element of our construction is an inverse limit approach inspired by combination of a technique of Aarts & Oversteegen and the construction of Slovak spaces by Downarowicz & Snoha & Tywoniuk. This approach allows us also to prove the following result. Let φ : M × R → M be a continuous, aperiodic minimal flow on the compact, finite-dimensional metric space M . Then there is a generic choice of parameters c ∈ R, such that the homeomorphism h(x) = φ(x, c) admits a noninvertible minimal map f : M → M as an almost 1-1 extension.
1. Introduction 1.1. Motivation. Given a compact metric space X, a map f : X → X is said to be minimal if the forward orbit {f n (x) : n = 1, 2, . . .} is dense in X, for every x ∈ X. In such a case we call X minimal with respect to f , or simply minimal if there is no confusion as to the map. In the present paper we contribute to the following two well known problems.
(Q1) Is minimality with respect to homeomorphisms preserved under Cartesian product in the class of compact spaces? (Q2) What spaces admit minimal noninvertible maps?
1.2. Minimality of products of minimal spaces. As with many other topological and dynamical properties, a fundamental question is to determine whether the property of being a minimal space is preserved under the Cartesian product, and it seems quite surprising that it has not been settled until now. Note that, for example for the fixed point property this question had been resolved in the negative already 50 years ago by Lopez [21] . In addition, basic examples of minimal spaces such as the circle, or the Cantor set, are known to preserve minimality under the Cartesian product, and there have not been even prospective candidates to provide a counterexample. Although no product of a homeomorphism with itself (h, h) : X × X → X × X is minimal, by the fact that it keeps the diagonal ∆ = {(x, x) | x ∈ X} invariant, the Cartesian product typically gives rise to new homeomorphisms that do not factor as conjugate homeomorphisms onto both coordinate spaces, and in this way minimal homeomorphisms of the product can often be obtained. In the present paper, however, we finally settle this problem in the negative, by providing a class of counterexamples. Each space Y in the class is such that it admits a minimal homeomorphism but no Cartesian power of it Y n does. Each such space also admits a monotone map onto a suspension of a minimal Cantor system, and the minimal homeomorphisms it admits are extensions of minimal homeomorphisms of the suspension. Note that a similar counterexample does not exist for flows. In that case minimality is preserved by countable Cartesian products, as shown by Dirbák [9] .
1.3. Minimal noninvertible maps. In the late 1960s Auslander raised the question concerning the existence of minimal noninvertible maps. In a joint work with Yorke he showed that the Cantor set admits such maps [3] . Since then more examples have been given, but as in the case of minimal homeomorphisms and flows, the classification of spaces admitting such maps is a difficult well known open question. In 1979 Auslander and Katznelson showed that the circle admits no such maps [2] , despite supporting minimal homeomorphisms. In 2001 Kolyada, Snoha and Trofimchuk constructed such maps for the 2-torus, proving that any minimal skew product homeomorphism of the 2-torus T 2 having an asymptotic pair of points has an almost one-to-one factor which is a noninvertible minimal map of T 2 [19] . Modifying this approach, in 2003 Bruin, Kolyada and Snoha proved in [7] that any minimal skew product homeomorphism of T 2 having an asymptotic pair of points has a factor which is a noninvertible minimal map of a 2-dimensional nonhomogeneous metric continuum X, such that any homeomorphism of X has a fixed point. Tywoniuk showed in [28] that solenoids, unlike the circle, admit noninvertible minimal maps. It had been a long-standing open question if the circle is the only nondegenerate continuum that admits a minimal homeomorphism but no minimal noninvertible map. It is a well known unresolved conjecture that the pseudo-circle is another such continuum, motivated by the fact that it admits minimal homeomorphisms [13] . Recently Downarowicz, Snoha and Tywoniuk [10] have answered the general question in the negative by providing a family of counterexamples that belong to the class of so-called Slovak spaces. These spaces have their homeomorphism groups generated by a minimal homeomorphism, which in some cases has positive entropy, but they all admit no minimal noninvertible maps. In the present paper we show a new, very general class of compact spaces that admit minimal noninvertible maps. Namely, any compact, finite-dimensional metric space that admits a continuous, aperiodic minimal flow belongs to that class. In addition to some manifolds with zero Euler characteristic, examples include peculiar minimal sets of flows on compact manifolds, such as the Denjoy and Kuperberg minimal sets.
1.4. Structure of the paper. We shall start in Section 2 with the construction of a new class of spaces admitting minimal noninvertible maps. The maps are obtained as perturbations of time t homeomorphisms of aperiodic minimal continuous flows on metric spaces. Our inverse limit approach is motivated by the method introduced by Aarts & Oversteegen, who in [1] used it to construct a transitive homeomorphism of the Sierpinski Carpet. A novel variant of this method is then used in Section 3 to modify minimal Cantor systems suspensions to obtain minimal continua, none of which admits minimality in the Cartesian product of finitely many copies of itself. These continua resemble some of the Slovak spaces constructed by different methods by Downarowicz, Snoha and Tywoniuk, where a dense orbit of a minimal homeomorphism was blown up to a null seqeunce of sin(1/x)-curves. Our inverse limit approach allows us to introduce a null sequence of pseudo-arcs instead, which in the resulting spaces forces factorwise rigidity, as well as almost cyclicity of their homeomorphism groups, in the sense that they are isomorphic to either Z or Z⊗Z 2 . In the final section of the paper we illustrate how these techniques can be applied in a wider context to spaces that do not admit minimal flows but instead minimal maps that preserve a local product structure in a sufficiently smooth manner.
Minimal noninvertible maps
In what follows, we identify the unit circle with S 1 = R/Z and the 2-dimensional torus with
In fact both sets Y 1 and π −1 (Y 1 ) are residual in that case.
In [19] Kolyada, Snoha, and Trofimchuk proved that any minimal skew product homeomorphism of the 2-torus having an asymptotic pair of points has an almost 1-1 factor which is a noninvertible minimal map. By an inverse limit technique of Aarts and Oversteegen [1] , as well as the application of Lemma 3.1 in [19] , we prove the following related result. Proof. By standard techniques, see e.g. [11] , there exists a residual set A of parameters t such that the time-t map F t := φ(t, ·) is minimal, and hence we may fix such a t 0 > 0 and denote F = F t0 . By the theorem of Bebutov and its consequences (see, e.g., [24, pp. 333-338] ) there is for each x ∈ M and T ∈ R, a local section S(x, T ) with corresponding flow box neighbourhood U (x, T ) and a homeomorphism onto its image h : U (x, T ) → R d that conjugates the time t-tmap φ(·, t) of the flow restricted to U (x, T ) with addition by t in the first coordinate on the image. Specifically, for some δ > 0 the δ ball centered at x, B(x, δ) contains a set S(x, T ) so that for each y ∈ t∈[−T,T ] F t (B(x, δ)) = U (x, T ) there is a unique t y such that φ(−t y , y) ∈ S(x, T ), and the homeomorphism h maps S(x, T ) into the set (y i ) ∈ R d | y 1 = 0 and the point y as above to (t y , y 2 , . . . , y d ), where (0, y 2 , . . . , y n ) = h (φ(−t y , y)) . The fact that we can choose a finite-dimensional Euclidean space R d follows from the standard fact that finite-dimensional separable metric spaces can be embedded in a finite-dimensional Euclidean space. We now fix a particular x 0 ∈ M and then construct for n ∈ Z + a nested sequence of local sections S(x 0 , nt 0 ) (i.e. S(x 0 , (n + 1)t 0 ) ⊂ S(x 0 , nt 0 )) and corresponding flow box neighbourhoods U (x 0 , nt 0 ), with corresponding homeomorphisms h n : U (x 0 , nt 0 ) → R d onto their images, constructed in such a way that h n = h n+1 when restricted to U (x 0 , nt 0 ) ∩ U (x 0 , (n + 1)t 0 ) and h n (x 0 ) = 0 for all n.
For each n ∈ Z denote x n = F n (x 0 ). We put X 0 = M and will define spaces X n for n > 0 inductively. Using x − y to denote the Euclidean metric in
The completion of R Denote by X 1 the compactification of 1] in the following way. We take h 1 (U (x 0 , t 0 )) + (t 0 , 0, . . . , 0) so that the image of x −1 is at 0 and we complete using the metric D as described above. We then identify I 1 with the interval obtained as remainder in the completion of the metric D. In the same way, X 2 is obtained from X 1 by blowing up the point x −2 , and recursively the space X n+1 is obtained from X n by removing the point x −n and compactifying the resulting hole by a closed interval I n identified with [−1, 1] as with I 1 . It is not hard to see that X 1 is homeomorphic to X 0 because U (x 0 , t 0 ) and the compactification of U (x 0 , t 0 )\{x −1 } in X 1 are homeomorphic by a homeomorphism which is the identity on the boundary of U (x 0 , t 0 ). By the same argument all X n are homeomorphic to X 0 = M . Observe that compactification of X 0 \ {x −1 , . . . , x −n } by intervals using the above method gives raise to a space homeomorphic to X n . This is due to the fact that
Denote by X ∞ the inverse limit of the spaces X n with bonding maps π n : X n+1 → X n defined by π n (x) = x for x ∈ I n+1 and π n (x) = x −n−1 for x ∈ I n+1 . Then by a result of Brown [6, Theorem 4] we obtain that X ∞ is homeomorphic to M because all the maps π n are monotone. Now we shall define a minimal but noninvertible map H on X ∞ . Fix any x ∈ X ∞ . If for every n ≥ 0 the coordinate x n ∈ I n then we put H(x) i = F (x i ) = F (x 0 ) for every i ≥ 0. Now suppose that for some n we have x n ∈ I n . Then x i ∈ I n for all i > n and x i = x −n for i < n. If n = 1 then we put H(x) i = x 0 for every i ≥ 0. For the case n > 1, observe that since both I n and I n+1 are identified with [−1, 1], we have a homeomorphism ψ : I n+1 → I n which is the identity after this identification. We put H(x) i = ψ(x i ) for i ≥ n and for i < n we put inductively H(x) i = π i x i+1 . This way H is defined on X ∞ and it is clear that it is surjective. We must show that it is continuous. If x ∈ X ∞ is such that x n ∈ I n for any n > 0 then it is clear that H is continuous at x because in each X i there is a neighborhood of x i disjoint from I 1 ∪ · · · ∪ I i . On the other hand if for some n x n ∈ I n , x −n and x −n−1 are contained in a flow box U (x 0 , (n + 1)t 0 ) that was used in the construction of the compactification, which means that F can be locally identified with a translation in R d that preserves the level sets of c used in the definition of the compactifications. It easily follows that H is continuous also at such x.
Finally, we must show that H is minimal. Every minimal homeomorphism is forward minimal, hence for every z ∈ M its forward orbit {F n (z) : n ≥ 0} is dense in M . In particular, the forward orbit of every z ∈ M \ {x −n : n ≥ 1} is dense in M \ {x −n : n ≥ 1}. Furthermore, for every y ∈ M and every a < b, the segment φ(y, [a, b]) has empty interior in M , because otherwise M would be a single closed orbit. Then it is clear that for every x ∈ X ∞ and every n ≥ 0 the set {H i (x) n : i ≥ 0} is dense in X n . But then the forward orbit of x under H is dense in X ∞ . This shows that H is minimal. It is also clear that H is not invertible.
By the same argument, the natural projection π : X ∞ → M is one-to-one on a dense set, hence is almost 1-1 extension (see also [19, Theorem 2.7] ). The proof is completed.
Remark 2.2. Since our goal was to construct a noninvertible map, we have only compactified with intervals for points in the negative orbit of x 0 . However, it is clear that we could have compactified with intervals for points in the complete orbit of x 0 to form an invertible map instead.
A large but not exhaustive class of spaces admitting a minimal flow can be obtained by suspension as follows. Let h : C → C be a minimal homeomorphism of a compact metric space C. Put X = C × R/ ∼ , where ∼ is the equivalence relation given by: (x, y) ∼ (p, q) provided that y − q ∈ Z and p = h −y+q (x). Then the suspension flow defined by h is the continuous flow induced on X given by φ t (x, s) = (x, s + t)/ ∼ . Since the orbits of h are dense, the flow orbits are dense in X, and so X is a continuum. As before, there exists a residual set A of parameters t such that φ t is minimal. By a minimal suspension of h we mean any homeomorphism h = φ t for t ∈ A. And as long as C is infinite, φ is aperiodic. Then a direct application of Theorem 2.1 gives the following. Corollary 2.3. Suppose that φ is suspension flow defined by a minimal homeomorphism h : C → C on an infinite, finite-dimensional compact metric space C and let X be the phase space of φ. Then X is a continuum that admits a noninvertible minimal map.
In the following section we will make use of this construction with C the Cantor set.
Example 2.4. Let φ be the suspension flow of an adding machine and X be its phase space. Then X is a solenoid. By Corollary 2.3 we obtain that X admits a noninvertible dynamical system. Such a system was constructed before in [28] by a completely different, long and technical argument. without a closed orbit, first constructed in [20] . The space Σ is a continuum with unstable shape [17] that admits a noninvertible minimal map f : Σ → Σ. Example 2.6. Consider the standard Denjoy minimal set for circle homeomorphism h α obtained by a blow-up of n orbits in the irrational circle rotation by α (e.g. see [8] ). Clearly this minimal set is the unique invariant Cantor set C for h α . Let φ α be the suspension flow of h α | C and X(α) be its phase space. Then X(α) belongs to the class of so-called Denjoy continua. This is a well-studied class of spaces, whose elements played a crucial role in Schweitzer's counterexample to the Seifert Conjecture [26] . By Corollary 2.3 we obtain that each X(α) admits a noninvertible minimal dynamical system. Alternatively, we could realise these as minimal subsets of flows on the torus. Remark 2.7. It is well known that the only compact surfaces admitting a minimal system are the 2-dimensional torus and the Klein bottle (e.g. see [5, Theorem 3.17] ). On the other hand, every flow on the Klein bottle has a closed orbit (e.g. see [23] , cf. [18] ). Hence, T 2 is the only compact surface admitting a minimal flow, and so this is the only closed surface to which Theorem 2.1 applies. It is not clear (beyond tori and related examples) which higher-dimensional closed manifolds admit minimal flows -even the case of S 3 remains unknown.
3.
A minimal continuum Y such that Y n is not minimal for all n > 1
In this section we adapt the technique of the previous section to replace the inserted arcs with pseudo-arcs to create a space with special properties. Recall that in [10] Downarowicz, Snoha and Tywoniuk introduced the notion of Slovak spaces. We say that a compact X is a Slovak space if its homeomorphism group H(X) is cyclic and generated by a minimal homeomorphism. In the present section we shall appeal to a slightly broader class of spaces which we define as follows. We say that a compact space X is an almost Slovak space if its homeomorphism group
with H + (X) ∩ H − (X) = {id X }, where H + (X) is cyclic and generated by a minimal homeomorphism, and for every g ∈ H − (X) we have g 2 ∈ H + (X). Let h : C → C be a minimal homeomorphism of a Cantor set C. Now we shall adapt the approach from the proof of Theorem 2.1, to construct an almost Slovak space Y . We shall later show that with the appropriate choice of h Y n is minimal only if n = 1.
Recall that the composant of the point x of the space X is the union of all proper subcontinua of X containing x. Theorem 3.1. Let (C, h) be a minimal homeomorphism of a Cantor set C. There exists a minimal suspension (X, F ) of (C, h), a continuum Y , a minimal homeomorphism (Y, H) and a factor map π : (Y, H) → (X, F ) such that:
Proof. We may assume that C ⊂ [−1, 1] and (−δ, 0) ∩ C = ∅ and (0, δ) ∩ C = ∅ for every δ > 0. By the results of [11] we may also assume that F = φ t of the suspension flow of h for some t so that the construction from Theorem 2.1 can be carried out where instead of replacing the points of only the backward orbit of a particular point q by arcs, we replace all points in the orbit of q with a null sequence of arcs (see Remark 2.2 and Corollary 2.3). More specifically, fix any q ∈ X. By Theorem 2.1 there exists an almost 1-1 extension (X, H) of (X, F ) and a sequence of maps (X, π n ), (X, η n ) (used to construct H by an inverse limit technique) such that π n : X → X is one-to-one except on the set A n = {F i (q) : |i| < n}, where each π −1 n (y), y ∈ A n is an interval.
Furthermore π n+1 = π n • η n , where η n is one-to-one at every point except on two intervals π
n (F n (q)), each of which is collapsed to a distinct point. Note that for sufficiently small δ > 0 the map η n is invertible on the complement of the set π −1 n (B (A n , δ) ). Let g : [0, 1] → [0, 1] be a map such that g(0) = 0, g(1) = 1 and the inverse limit of [0, 1] with g as the sole bonding map is the pseudo-arc (e.g. see [14] or [22] ). Extend g to a continuous surjection on [−1, 2] by putting g(x) = x for all x ∈ (0, 1).
Put X 0 = X. Let I = π −1 1 (q) and let U be a sufficiently small neighborhood of I homeomorphic to (−ε, 1 + ε) × C, where C is a Cantor set and I ≈ [0, 1] × {0}. There exists a nested sequence of clopen sets C k ⊂ C such that k C k = {0}. Now for each n let f
n : X → X be a map such that f
n (x, y) = (x, y) for (x, y) ∈ U , y ∈ C n , and f
Observe that for each x ∈ I there exists an N , and an open neighborhood V of (x, y), such that f (1) n (x , y) = (x , y) for all (x , y) ∈ V and n > N . But since a finite number of the first coordinates in a sequences from an inverse limit does not affect the topological structure of X 1 , we see that if x ∈ X 1 and x n ∈ I for every n, then a small neighborhood of x is homeomorphic to C × (0, 1). If, on the other hand, x n ∈ I for some (thus all) n then x ∈ lim ← − ((I, f
), which is a unique maximal pseudo-arc embedded in X 1 . We may view X 1 as X with removed q and the resulting "hole" compactified by a pseudo-arc. Note that we have a natural projection ξ 1 : X 1 → X given by (ξ 1 (x)) n = π 1 (x n ), where we identify X = lim ← − (X, id). By the same method we define X n and ξ n : X n → X which is one-to-one except on the set A n , where ξ −1 n (y) is a pseudo-arc for every y ∈ A n . Furthermore observe that η n induces a natural projection γ n : X n+1 → X n which collapses each of two pseudo-arcs to a point.
Let
) and let π : Y → X be the natural projection induced by the maps ξ n . Observe that π is one-to-one onto every point that does not belong to the orbit of q, and π −1 (F i (q)) is a pseudo-arc for every i ∈ Z. Furthermore, all composants of Y are topological one-to-one images of the real line, except the composant W containing countably many pseudo-arcs connected by arcs (note that n (y) = F (y) for all y sufficiently close to F i (q). Furthermore, for each n > i we have H n • γ n (x) = γ n •H n (x) for each x ∈ I n i . This way H is defined also on π −1 (F i (q)) for every i ∈ Z, where it is a homeomorphism, since H n is a homeomorphism onto its image on the set X n \{π
n (F −n−1 (q))}. Note that each pseudo-arc in X n has empty interior in X n , hence the set of points y such that π −1 π(y) = {y} is residual in Y , thus demonstrating that π is almost 1-1. It is clear from the construction that all non-singleton fibers π −1 (x) are pseudo-arcs and that all pseudo-arcs are contained in the same composant W. An almost 1-1 extension of a minimal system is always minimal, and so H is minimal. The condition lim |i|→∞ diam H i π −1 (x) = 0 for all x is a direct consequence of the construction. The proof is completed. Proof. Let h be the homeomorphism induced on a minimal Cantor set by a Denjoy extension of an irrational rotation of the unit circle and let F be a minimal suspension of h. Let (Y, H) be a minimal dynamical system provided by an application of Theorem 3.1. By the construction of Y , all composants of Y but one are one-to-one continuous images of R. There is also one special composant W which consists of countably many pseudo-arcs connected by arcs.
We shall show that for any homeomorphism G :
Since composants are dense in a continuum, it is enough to consider the composant W × W . This composant W × W is "tiled" Figure 1 . The structure of W × W with the following 4 types of "squares": (aa) A × A, (pp) P × P , (pa) P × A and (ap) A × P , where P is a (maximal) pseudo-arc in W and A is an arc that connects two such pseudo-arcs. Note that any square of type (ap) is homeomorphic with any square of type (pa). To prove the claim, suppose on the contrary that a square T of type (pp) contains a copy of a square of type (aa) or (ap). Then T contains an arc R. Since the projection of R onto one of the two coordinate spaces must be nondegenerate, it follows that a subcontinuum of P is a continuous image of the arc. This contradicts the fact that P does not contain any locally connected continuum, thereby establishing the claim. Applying similar arguments we also obtain the following. For simplicity of notation, by convention we will write G(pp) = (pp) to denote that the image of a square of type (pp) is contained in a square of type (pp). It follows by the above claims that G(pp) = (pp), G(aa) = (aa), and G(ap) = (ap) or G(ap) = (pa). We call a point x of a square of type (pp) a corner point if it also belongs to a square of type (aa). By the above discussion, G must transform corner points to corner points. Therefore a diagonal in the lattice of corners of the form ...(aa)(pp)(aa)(pp)(aa)... must be mapped onto a diagonal of the same form, because squares of type (aa) may not "cross" squares of any other type. Then there is an n ∈ {1, 2} such that G n is a translation of diagonals, because if it translates one diagonal then, by the rigid structure of the diagonals and corner points, it must also translate all other diagonals in exactly the same way. Denote by E × E the set of all corner points in W × W and observe that E is dense in Y . By the above discussion there are homeomorphisms g 1 , g 2 :
But then g 1 × g 2 can be extended continuously to Y × Y in a unique way, so G n = g 1 × g 2 , as claimed. Now, by way of contradiction suppose Y × Y admits a minimal homeomorphism G : Y × Y . By the above, we have G n = g 1 × g 2 for some n > 0. Since Y × Y is a continuum, minimality of G implies that G n is minimal as well. Then for simplicity we may assume that n = 1. Note that since each g i is a homeomorphism, following the same lines of argument as above, g i must preserve the structure . . . (p)(a)(p)(a)(p) . . . of the special composant W . Since the pseudo-arc has the fixed point property [12] , the homeomorphism g i cannot permute a finite number of pseudo-arcs in W . This shows that g i must preserve the ordering of pseudo-arcs in W . More formally, if we enumerate consecutive pseudo-arcs in W , say {P i } i∈Z with π(P i ) = F i (q), then there are k 1 , k 2 = 0 such that g 1 (P i ) = P i+k1 and g 2 (P i ) = P i+k2 . By our construction we see that lim |i|→∞ diam P i = 0 and hence the relation x ∼ y iff x = y or x, y ∈ P i for some i is closed equivalence relation, and so g 1 induces a homeomorphism f 1 : X → X. But f 1 coincides with F k1 on a dense set and so f 1 = F k1 . By the same argument g 2 is an extension of F k 2 . Since each suspension minimal system from a Denjoy homeomorphism is an extension of a rotation R by an α ∈ R \ Q on the unit circle, we obtain that G is an extension of the map R k1 × R k2 defined on the two dimensional torus. But the numbers k 1 α and k 2 α are rationally dependent, and hence R k1 ×R k2 is not minimal (e.g. see [29] ). But any factor of a minimal homeomorphism has to be minimal, proving that G is not minimal.
Remark 3.5. It is clear from the proof that the Cartesian product of n copies of Y , is not minimal for any n > 1.
The above construction, although carried out in an abstract setting, have a particularly nice realization, if we take into account that the suspension that we start with is a Denjoy minimal set for a torus homeomorphism [26] . Note that there exists uncountably many such nonhomeomorphic Denjoy minimal sets. Theorem 3.6. There exists a compact connected metric space Y , and a torus homeomorphism ϕ : T 2 → T 2 homotopic to the identity, such that Y is a minimal set of ϕ, but Y × Y does not admit a minimal homeomorphism.
Proof. Let φ be a torus homeomorphism homotopic to the identity, with a minimal Denjoy continuum X. The proof is the same as in Theorem 3.2, with the exception that the proof of Theorem 3.1 needs a small adjustment (the rest is analogous), which we describe below. Let g be defined as in the proof of Theorem 3.1. We redefine each set C n putting C n := [0 − 1 n , 0 + 1 n ]. Note that we still have C n = {0}. We put U n = [−1/n, 1 + 1/n] × C n and use the Barge-Martin technique (see [4] ) to redefine each f (1) n : T 2 → T 2 to be a near-homeomorphism, such that f n | T 2 \Un ≡ id and f n (x, 0) = (g(x), 0) and g is the Henderson map [14] . Since each f
(1) n is near-homeomorphism, their inverse limit is homeomorphic to T 2 . This way we "replace" an arc in T 2 by a pseudo-arc. All further steps of the construction are updated accordingly. 
Local product structure
While we have only applied our technique to spaces supporting a flow, in fact the technique only relies on having a map that preserves a local product structure along with the "angular" relation. In the case of flows, this was accomplished by using the local translation structure, but this can also be achieved with certain classes of smooth maps. A large class of skew products provide examples of such maps as we illustrate below. In addition to the intrinsic interest of the extension of the construction, it allows us to produce an example of a minimal but noninvertible map of the Klein bottle, which is known not to admit a minimal flow. This raises the possibility that the technique could lead to similar examples on a significantly larger class of manifolds than those that admit minimal flows. Theorem 4.1. Let the homeomorphism F : T 2 → T 2 be a skew product defined by F (x, y) = (x + α, y + r(x)), where r is a differentiable function on S 1 . For every z ∈ T 2 there exists a map f : T 2 → T 2 and an almost 1-1 factor map π : (
is a singleton for every y ∈ {F n (z) : n ∈ Z} and which is an arc otherwise. Furthermore lim |n|→∞ diam π −1 (F n (z)) = 0.
Proof. Fix any z = (x, y) ∈ T 2 and let U be a small open neighborhood of z. First observe that if z n = (x, y n ) ∈ U then F (z n ) = (x + α, y n + r(x)), which means that F preserves vertical lines in U . Now assume that z n converges to z on a line which is not vertical; that is, x n = x and there is β ∈ R such that yn−y xn−x = β for every n. Then if we write a similar formula for the coordinates of F (z n ) and F (z) we obtain
This implies that an arc obtained as the image of a radial line around z in a small neighborhood has an asymptote at F (z) and the asymptote is different for different β, and lines of all possible directions as obtained as such an asymptote. Then we can perform the "blow up" procedure as in Theorem 2.1 applied to the entire orbit of z, except for the compactification we use the circle of lines through the origin projected to an arc to compactify the pinched torus T 2 \ {z, F (z)} with an additional arc. This makes the corresponding map on the resulting inverse limit space (which is still the torus) continuous because the assignment of a line to the corresponding asymptote is continuous.
By the construction using inverse limits, it is also clear that the condition lim |n|→∞ diam π −1 (F n (z)) = 0 is satisfied.
Define now the relation ∼ on T 2 by (x, y) ∼ (x, y) and (x, y) ∼ (x + 1/2, 1 − y). Clearly ∼ is a closed equivalence relation, and it is well known that T 2 / ∼ is the Klein bottle K and we use p : T 2 → K to denote the projection.
Remark 4.2. Let the homeomorphism F : T 2 → T 2 be a skew product defined by F (x, y) = (x + α, y + r(x)) for some α ∈ R. If r(x + 1/2) = 1 − r(x) then F induces a homeomorphism G on K satisfying p • F = G • p.
Theorem 4.3. Let the homeomorphism F : T 2 → T 2 be a skew product defined by F (x, y) = (x + α, y + r(x)) which preserves the relation ∼, and let G be the homeomorphism induced on the Klein bottle K. For every z ∈ K there exists a map g : K → K and an almost 1-1 factor map π : (K, g) → (K, G) such that π −1 (y) is a singleton for every y ∈ {G n (z) : n ∈ Z} and an arc otherwise. Furthermore lim |n|→∞ diam π −1 (G n (z)) = 0.
Proof. The proof is the same as in Theorem 4.1. Simply, if we aim to "blow up" the point in z ∈ K then, since p is a local homeomorphism, we can pull z back to {x, y} = p −1 (z) in T 2 and blow up the orbits of both x and y as in Theorem 4.1 and then project this back to K via the local homeomorphism p. We can then extend G to the compactifying intervals using the same limits (radial lines) as for F .
The procedure described above works regardless of the special properties that F might have. In [25] Parry presented a simple and elegant argument describing how to obtain a minimal homeomorphism of the Klein bottle by defining a function r satisfying r(x) = −r(x + 1/2) and such that the skew product on T 2 given by F (x, y) = (x+α, y +r(x)) is minimal. In fact, r was defined by a convergent Fourier series of a special type, allowing Parry to obtain a family of minimal systems on K in this way. Motivated by this, Sotola and Trofimchuk showed by careful calculations in [27] formulas to modify Parry examples to non-minimal systems. They also mentioned (see Remark 2.9 in [27] ) that their construction may lead to a minimal homeomorphism G on K with a continuum D ⊂ K with lim n→∞ diam G n (D) = 0, which by results of [19] may serve as an alternative proof. We see now that, based on the examples of Parry, we can obtain similar examples in a direct way. Recall that any almost 1-1 extension of a minimal homeomorphism is minimal.
Corollary 4.4. Let F (x, y) = (x + α, y + r(x)) be a minimal homeomorphism of T 2 constructed by Parry, which induces a minimal homeomorphism G on K, with r is differentiable and satisfying r(x) = −r(x + 1/2). Then "blowing up" orbit of any point z ∈ K by Theorem 4.3 we obtain a minimal homeomorphism h on K which is almost 1-1 extension of G and contains an arc D such that lim n→∞ diam h n (D) = 0.
Clearly, when constructing inverse limit in Theorem 4.3 we do not have to blow up forward orbit of z, which allows us to construct noninvertible examples as described at the beginning of this section.
Corollary 4.5. Let F (x, y) = (x + α, y + r(x)) be a minimal homeomorphism of T 2 constructed by Parry, which induces a minimal homeomorphism G on K, with r is differentiable and satisfying r(x) = −r(x + 1/2). Then "blowing up" the backward orbit of any point z ∈ K as in Theorem 4.3 we obtain a minimal but noninvertible map h on K which is almost 1-1 extension of G.
